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Composite convex optimisation

min f(x) + g(x) + h(Ax)

xeX

f . X — R is a differentiable convex function
with L(V;f)-Lipschitz partial derivatives

g: X > RU{+o0} is a l.s.c. convex function
with a simple proximal operator

h:Y — RU{+o0} is a l.s.c. convex function
with a simple proximal operator

A:X — Yis a linear map
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Examples

Support Vector Machines
with intercept

Stopping: AE < 105

©Mota

TV-regularized regression Distributed optimization

3/20



Primal-dual algorithms

e Equivalent saddle point formulation
if 0 € relint(dom h — Adom g)

)r(r;i)rg f(x) + g(x) + h(Ax)

= maxmin f(x) + g(x) + (Ax,y) — h*(y)

where h*(y) = sup,cy(z,y) — h(z)  (Fenchel conjugate)

e Example: Vii-Condat method
Yit1 = ProXop (v + Axk)
X1 = Prox,, (X — 7(VF(xi) + AT (2yis1 — yi)))

Splits f, g, h and A.
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Coordinate descent

e Updates 1 coordinate per iteration:

- needs many iterations
- efficient updates
- allows longer step sizes

e Comparison gradient descent vs coordinate descent
for g = h=0and f(x) = ||Mx — b||3

Algo | XM =uxk — [ Lm V() | X7 = xf — ;g7 Vif (x5)
Parameter L(VF) = |IM|3 L(V:f) = ||Me;|3
Complexity O(L(VT)/k) O(nmax; L(V;f)/k)
Cost 1 iter 2nnz(M) 2nnz(Me;)

Total cost O(nnz(M)L(Vf)/k) O(nnz(M) max; L(V;f)/k)
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Previous works

[Hong et al., 2014]
no convergence rate, “sufficiently small” step sizes

[Combettes, Pesquet, 2014]4-[Bianchi, Hachem, lutzeler, 2016]
no convergence rate, small step sizes

[Fercoq, Bianchi, 2015]
no convergence rate (add-on in 2018), longer step sizes

[Zhang, Xiao, 2017]
only strongly convex-concave lagrangians + all primal variables
updated together

[Gao, Xu, Zhang, 2017] + [Chambolle, Ehrhardt, Richtarik,
Schonlieb, 2017]
all dual variables updated together
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Idea of this work

Combine features from:

e Smooth minimization of nonsmooth functions
[Nesterov, 2005] + [Fercoq, Richtarik, 2013]

e Accelerated proximal coordinate descent
[Fercoq, Richtérik, 2015]

e Accelerated smoothed gap reduction algorithm
[Tran-Dinh, Fercoq, Cevher, 2017]
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Smoothing nonsmooth functions

e We define the smoothed function [Nesterov 2005]
o) — " B 2
hs(zy) = max(z,y) — h*(y) = Sy = ¥ll5

e hg is differentiable wrt z and V,hgz is %—Lipschitz

o h(Ax,y) = (y, Axk — ) + 55| Ax — c[|3,
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Fundamental theorem
F=1f+g; Ss(x,y) = F(x) + hs(Ax; y) — F(x*) — h(Ax*)

Theorem (Nesterov)

Suppose that L(h) < 4+o0c. Then
F(x) + h(Ax) — F(x*) — h(Ax*) < Ss(x; y) + 2BL(h)
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Fundamental theorem
F=f+g; Ss(x,y) = F(x) + hs(Ax; y) — F(x*) — h(Ax*)
Theorem (Nesterov)

Suppose that L(h) < 4+o0c. Then
F(x) + h(Ax) — F(x*) — h(Ax*) < Ss(x; y) + 2BL(h)

Theorem (Tran-Dinh, Fercoq, Cevher)
Consider h = 6}
. . _ o 1/2
[Ax = cllye < B[lly" = ylly + (ly* = 715 + 287850 7) """
F(x) = F(x*) = =[ly*[[ly|1Ax — cl[y,«
F(x) — F(x*) < Sa(x,y) + ly* Iyl Ax = clly. + Zlly* = yI3

If 8 and Sg(x,y) are small, we have an approximate solution
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|dea of the algorithm

e Run the accelerated proximal coordinate descent method
on F(x)+ hs(Ax;y)
= Sp(x,y) decreases

e Reduce (3 at each iteration
= 3 decreases but Sg(x, y) increases

10/20



SMooth, Accelerate, Randomize
The Coordinate Descent (SMART-CD)

Choose 3; > 0, x° € X and probabilities g € R”
Set 79 = minj<;j<, g; and X® = X0 = x°
For k € {0,1, -+, kmax}

Rk = (1 —7)X k4 e xk

Select iy ~ q

Bi = L(vik(f + h5k+1 © A))

T = prox g (%= B Valf 4 ha, 0 A)E)
'k

XA = RK 4 Te(%hH — %K)

Tkt1 € (0, 1) solution to 73 + 72 + 727 — 72 =0
Biy

6k+2 1+Tk+1
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SMooth, Accelerate, Randomize
The Coordinate Descent (SMART-CD)

Choose 3; > 0, x° € X and probabilities g € R”
0_ ,0

Set 70 = minj<;<, q; and X% = X = x
For k € {0,1,- -, kmax}
)?k = (1 - Tk))_(k +Tk)?k
Select ik ~ g
B’i - L(vik f) + Br+1
Yi = Proxgk—jlh* (y + Bk_le)A(k)
X1 = prox_n XK — 0 (V, F(%F) + AIy[j))

I =y 8iy, ( Ik TkBI-k
k i k

)—<k+1 — )'%k + T_k()?k—&—l o )?k)
70
Tkr1 € (0,1) solution to 73 + 72 + 727 — 72 =0

B _ _Brn
k+2 1+7441

A, 1P
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Implementation issues

Each iteration should be cheap
o V, f(x¥) computed using partial matrix-vector products
that are stored and updated

o Full-dimensional operation X*** = %% 4 Ze(x/*+1 — %K)
treated by a change of variable as for accelerated
coordinate descent

°* Y= Proxgk—jlh* ()-’Jrﬁ/:le)?k):
we only compute the coordinates that are necessary
(a few of them only if h* is partially separable)
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Efficient implementation

Choose 3; > 0, x° € X and probabilities g € R”
Set 70 = min;<;<, g; and X% = X% = x°
For k € {0,1,- -+, kmax}
Select ik ~ g
k __ A
By = L(Vif)+ -

yi = Prox-1 - (y + ﬁk_jl(ckA%k + A%K))

A

okl _ o vk | Aok T

i, = prox_ g, (x,k - Bk (Vi f(ckAX+AX )—i—A,-kyk))
k i

YL gk 1oml/To gkl gk

Ik ka o Ck (Xik - ka)

Tir1 € (0,1) solution to 73 + 72 + 727 — 72 =0

_ Brkya
ﬁk+2 B 1+T+k+1
Chr1 = (1 — Tuq1)ck
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Speed of convergence

F=f _i_g’ To = minlgign ai € O(]‘/n)

Theorem
SMART-CD has a O(n/k) convergence speed. If h = 6y,

E(A%* — cll.) < =iy [y =71 + (ly" = yIP+4p71 ) 7]
E(F(3¥) = F(x")) = ~ |y [E(|A%* - c.)

E(F(=4) — F(x")) < a2 + atmtenin + Iy IE(IAZ* ~cll.)

— To(k—1)+1 (To(k 1 +].

where C* = (1 — 70)(Fao(x%) — F(x*)) + Y032 | — 0|2

Same kind of results for Lipschitzian h
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Sketch of proof

x* is a convex combination of the X's (/ < k)
Denote l:_/éfk = f(xF) + Z;{:o Yolg(%1) + hg, (AR y)
If /Bk+1(1 + Tk) — ﬂk Z O, then

E(ﬁk+1 F*)—FE[ & 7_138:[(” * ~k+1”2 i|
— g S — %)

Bt - 2gim0 i ()
< (1 E ﬁk F* E E TIEBI'k * ~k|12
< (1 —=7)E(F5, — F*) + [ ?21 2q7 [ — % ”(i)]

Choose 7y so that 72Bf < (1 — 7)7_1Bf*

Show that 7 € O(1/K), B € O(1/k) and % € O(1/k)
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Restart

Like accelerated gradient methods, one can restart
SMART-CD

5 _
* ok.

Yoo =Y, (),

Br+1 + B,

Tk < To,

— Analysis is not that easy
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Experiment on Support Vector Machines
SVM problem on RCV1 dataset m = 20,242 and n = 47,236

min —||XTD(y)oz||2 —ela+ ho,c1(c) + 1,1 ()

a€cR" 2

10°}

Duality gap

\

§

SDCA (Shalev-Shwartz & Zhang)

Vu-Condat CD with small steps (lutzeler et al)
Vu-Condat CD (Fercoq & Bianchi)

SMART-CD

SMART-CD restarted
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Distributed training for logistic regression 1/2

e Data distributed across M machines, R(w) = Y%, |wj]

M  nm

- T

_min E ) E 1 log(1 + exp(—y;x;' w)) + R(w)
m=1 j=

e Equivalent problem
M nm .
i T
min Z (Zlog(lJrexp(—ijj Wm))+MR(Wm)>+/C(W)

(p+1)xM
weR o

where C = {w € RPHIM -y — = wy,}
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Distributed training for logistic regression 2/2

e master / slave implementation

For k e N
Forme {1,... , M}
Select at random i% € {0,...,p}
(25, 1) = By (Wi i, = (P(W)) 1) + 5 (Wi, e — (P (W) )
BY o = L(Visfm) +

Br+1
~ k1l ~k 70 ) ~ k x Ak
Wm e prox k,;-(;I\/IR‘rl;y (WmJ#] TkB,I; ’.k (vl,’;,fm(wm)—’_(zm,,’l_;) ))
v k41 _ vk 1— ~ k41 sk
Wi = Wi, = Z/TO(Wka W ’k)

Update Pc(W) = & SN W and Pe(w) = 25w,
Tkr1 € (0,1) solutionto 73+ 12+ 727 — 72 =0

B _ B
k+2 1+7441
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Distributed training for logistic regression 2/2

e master / slave implementation — communicated values
For k ¢ N
Forme {1,...,M}
Select at random i% € {0,...,p}
(Z,*,L,-;)k = oy (W it = (Pc(W)) )+ g (Wi e — (P (W) )
Brl; I'k — L(V,};’ fm) +

Br+1
~ k1l ~ k 70 ~ k x  \k

Wimii = Prox kBTO ik (Wm’i"*(’_TkB,l; i (vi’é’fm(wm)—'_(zm,iﬁ,) ))

k1l wk 1- ~ktl o~k

Wi,iv = Wi, = Z/TO( myi — Wm ’k)

- M . Mo

Update Pc(W) = & > Wim and Pc(W) = = 501 Wi,
Tkr1 € (0,1) solutionto 73+ 12+ 7127 — 72 =0
B2 = %
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Conclusion

Summary

e Designed a primal-dual coordinate descent method
e Rate in O(n/k)
e Good performance in practice

Related work
e Speed of convergence of Vu-Condat CD

e Smooth gap reduction schemes based on Frank-Wolfe
and the stochastic gradient method
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