
On the use of non-stationary policies for stationary
optimal control

1 Optimal control at horizon H <∞

1.1 Problem

xt+1 = ft(xt, at, wt), t = 0, 1, ..., H − 1

xt: state, at: action, wt: random (mutually independent)

P(xt+1 = x′|xt = x, at = a) = P(xt+1 = x′|Ft)

Performance measure:

v(x) = E

[
H−1∑
t=0

rt(xt, at, wt) +R(xH)|x0 = x

]
Goal: find a policy (control law) at = πt(xt) that maximizes v(x).

π = (π0, π1, . . . , πH−1)

Remarks: closed-loop control, Markov Decision Process
...EXAMPLE...

1.2 Algorithms

...PROOFS+NUMERICAL ILLUSTRATION...

vπ,s = Tπs,svπ,s+1 with: ∀v, x, [Tπs,sv](x) = E [rs(x), πs(x), ws]︸ ︷︷ ︸
rs(x,πs(x))

+
∑
y

ps(y|x, πs(x))v(y)

v∗,s = Tsv∗,s+1 = max
π

Tπ,sv∗,s with: ∀v, x, [Tsv](x) = max
a

(rs(x, a) +
∑
y

ps(y|x, a)v(y))

π∗,s = arg max
π

Tπ,sv∗,s = Gsv∗,s
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2 Stationary Optimal control at horizon H =∞

2.1 Problem

xt+1 = f(xt, at, wt), t = 0, 1, ...,

wt: i.i.d.
Performance measure:

v(x) = E

[
∞∑
t=0

γtr(xt, at, wt)|x0 = x

]
γ ∈ [0, 1[: discount factor
...EXAMPLE...

2.2 Algorithms

...PROOFS...

vπ = Tπvπ with: ∀v, x, [Tπv](x) = r(x, π(x)) +
∑
y

p(y|x, π(x))v(y)

v∗ = Tv∗ = max
π

Tπv∗ with: ∀v, x, [Tv](x) = max
a

(r(x, a) +
∑
y

p(y|x, a)v(y))

π∗ = arg max
π

Tπv∗ = Gv∗

• Tπ and T are γ-contraction mappings for ‖.‖∞:

∀v, v′, ‖Tv − Tv′‖ ≤ γ‖v − v′‖∞.

• π∞0 = (π0, . . . , πH−1︸ ︷︷ ︸
πH−1
0

, . . . )

vπH
0

= Tπ0Tπ1 . . . TπH−1
0

H→∞−→ vπ∞0

•

v∗ = max
π∞0

vπ∞0 = max
π∞0

lim
H→∞

vHπ0
(∗)
= lim

H→∞
max
πH
0

vπH
0

= lim
H→∞

TH0.

...NUMERICAL ILLUSTRATION...
Thm (Bellman, 1957): There exists an optimal policy that is stationary and

π optimal⇔ π ∈ Gv∗ ⇔ Tπv∗ = Tv∗ = v∗

Proof:
⇐: Assume v∗ = Tπv∗. As vπ = Tπvπ and Tπ has a unique fixed point, then vπ = v∗, hence
π is optimal.
⇒: Assume vπ = v∗. We have Tv∗ = v∗ = vπ = Tπvπ = Tπv∗.
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3 Large scale problems

3.1 Approx. Value Iteration

vk+1 ← ATvk = Tvk + εk

...NUMERICAL ILLUSTRATION...
Thm: Singh & Yee (95) Gordon (95), Bertsekas & Tsitsiklis (95) : If ‖εk‖ ≤ ε, then

lim sup
k→∞
‖vπ∗ − vπk‖∞ ≤

2γ

(1− γ)2
ε.

3.2 The non-stationary trick

v0 v1 . . . πk−` . . . vk−1

π1 π1 . . . πk−`+1 . . . πk

πk,` = (πk, πk−1, . . . , πk−`+1, πk, . . . )

Thm: Scherrer & Lesner (12): Under the same conditions,

lim sup
k→∞
‖vπ∗ − vπk‖∞ ≤

2γ

(1− γ)(1− γ`)
ε.

Interpretation: solving a ` periodic problem, less sensitive to perturbations.
Extensions: other algorithms (PI), 2 player-games (min max)

3


	Optimal control at horizon H<
	Problem
	Algorithms

	Stationary Optimal control at horizon H=
	Problem
	Algorithms

	Large scale problems
	Approx. Value Iteration
	The non-stationary trick


