On the use of non-stationary policies for stationary
optimal control

1 Optimal control at horizon H < oo
1.1 Problem

Tt1 :ft(xt,at,wt), tIO,l,,H—l

x,: state, a;: action, wy: random (mutually independent)

P(zi1 = 2|2y = 7,00 = a) = P(2441 = 2| F)

Performance measure:
H-1
E ez, ap, we) + R(wp)|vo =
t=0

Goal: find a policy (control law) a; = m(z) that maximizes v(x).

™= (7T0,7Tl,...,7TH_1)

Remarks: closed-loop control, Markov Decision Process
..EXAMPLE...

1.2 Algorithms
...PROOFS+NUMERICAL ILLUSTRATION...

Vs = TrosUrspr with: Vo, 2, [Tr w](z) = Elry(@), m(@), wl + Y payle, ma(z)o(y)
ol (@)) v

Vs = TsUpsp1 = maxTy v, with: Vo, z, [Tov](z) = max(rs(a:,a)—I—Zps(y|x,a)v(y))
Y

Ty, s = argmax Tﬁ,sv*,s = gsv*,s
™



2 Stationary Optimal control at horizon H = oo
2.1 Problem

T41 :f(xtvatawt)a t:()ala"'a
wy: 1.4.d.

Performance measure:

v(z) =E Z'ytr(mt,at,wt)\xo =z
=0

v € [0, 1[: discount factor
..EXAMPLE...

2.2 Algorithms
...PROOFS...

vy = Tpv, with: Yo, z, [Tro](z) = r(x,ﬂ(x))+Zp(y|x,7r(x))v(y)

ve = Tv, = maxTrv, with: Yo, z,[Tv](z) = max(r(z,a)+ Zp(y\x, a)v(y))
™ a
Yy
T, = argmax T v, = Gu,
e T and T are ~y-contraction mappings for ||.||o:

Vo, o', ||[To — T[] < lJv = V|| s

oo __
® T, —(7T0,...,7TH_1,...)
———
-1
o
H—oo
Vgt = LTy - Trp [0 — Upeo
[ J
. (=) ;. .
U, = MaxX vyee = max lim v = lim maxv x = lim T70.
mee 0 T H—oo "0 H—oo gl 70 H—00

...NUMERICAL ILLUSTRATION...
Thm (Bellman, 1957): There exists an optimal policy that is stationary and

7w optimal < 7 € Guv, & Trv, = Tv, = v,

Proof:
<: Assume v, = T,v,. As v, = Trv, and T has a unique fixed point, then v, = v,, hence
7 is optimal.
=: Assume v, = v,. We have Tv, = v, = v, = T, v, = T, v,.

2



3 Large scale problems
3.1 Approx. Value Iteration

Vk+1 .ATUk = Tvk + €k

..NUMERICAL ILLUSTRATION...
Thm: Singh & Yee (95) Gordon (95), Bertsekas & Tsitsiklis (95) : If ||ex]| < €, then

: 2y
lim sup [|vr, — Uz, |loo < S€.
k—o00 (1—=9)
3.2 The non-stationary trick
Vo VU1 . The—y¢ e V-1
T T T—f+1 Tk
ke = (7Tk,7Tk,1, ey Th—p+1, Ty - - )

Thm: Scherrer & Lesner (12): Under the same conditions,

lim sup | ([ —
im sup ||vr, — Ur,||oo < €.
b g (1=)(1 =79

Interpretation: solving a ¢ periodic problem, less sensitive to perturbations.
Extensions: other algorithms (PI), 2 player-games (min max)
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